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Abstract
A class of good integers has been introduced by P. Moree in 1997 to-
gether with the characterization of good odd integers. Such integers have
shown to have nice number theoretical properties and wide applications.
In this paper, a complete characterization of all good integers is given.
Two subclasses of good integers are introduced, namely, oddly-good and
evenly-good integers. The characterization and properties of good integers
in these two subclasses are determined. As applications, good integers and
oddly-good integers are applied in the study of the hulls of abelian codes.
The average dimension of the hulls of abelian codes is given together with
some upper and lower bounds.
We note that the published version [8] contains some errors in [8, Propo-
sition 2.1] and [8, Proposition 2.3]. These results have been corrected and
updated in this manuscript. The correction does not affect any other part
of [8].
Keywords: Good integers; Abelian codes; Hull of abelian codes; Euclidean inner
product; Hermitian inner product.
Mathematics Subject Classification 2010: 11N25, 11B83, 94B15, 94B60
1 Introduction
The concept of good integers has been introduced in [16] by P. Moree. For fixed
coprime nonzero integers a and b, a positive integer d is said to be good (with
respect to a and b) if it is a divisor of ak + bk for some integer k ≥ 1. Otherwise,
d is said to be bad. Denote by G(a,b) the set of good integers defined with respect
to a and b. The characterization of odd integers in G(a,b) has been given in [16].
In [12], the set G(q,1) has been studied and applied in constructing BCH codes
with good design distances, where q is a prime power. The set G(2ν ,1) has been
applied in counting the Euclidean self-dual cyclic and abelian codes over finite
fields in [7] and [9], respectively.
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In this paper, two subclasses of good integers are introduced as follows. For
given nonzero coprime integers a and b, a positive integer d is said to be oddly-
good (with respect to a and b) if d divides ak + bk for some odd integer k ≥ 1,
and evenly-good (with respect to a and b) if d divides ak + bk for some even
integer k ≥ 2. Therefore, d is good if it is oddly-good or evenly-good. Denote
by OG(a,b) (resp., EG(a,b)) the set of oddly-good (resp., evenly-good) integers
defined with respect to a and b. Clearly, G(a,b) = G(b,a), OG(a,b) = OG(b,a) and
EG(a,b) = EG(b,a). In [10], some basic properties of OG(2ν ,1) and EG(2ν ,1) have
been studied and applied in enumerating Hermitian self-dual abelian codes over
finite fields.
The hull of a linear code, the intersection of a code and it dual, is key to
determine the complexity of algorithms in determining the automorphism group
of a linear code and testing the permutation equivalence of two codes (see [19],
[13], [14], [15], [21] and [22]). Precisely, most of the algorithms do not work if the
size of the hull is large. In [20], the number of distinct linear codes of length n
over Fq which have hulls of a given dimension has been established. In [23], some
additional properties of G(q,1) have been studied and applied in the determination
of the average dimension of the hulls of cyclic codes. In [3] and [4], G(q,1) has been
applied in the study of some Hermitian self-dual codes. Later, in [18], G(q,1) has
been applied in determining the dimensions of the hulls of cyclic and negacyclic
codes over finite fields. To the best of our knowledge, properties of the hulls of
abelian codes have not been well studied.
In this paper, we aim to characterize the classes of good integers, oddly-
good integers and evenly-good integers defined with respect to arbitrary coprime
nonzero integers a and b. As applications, the hulls of abelian codes are studied
using good and oddly-good integers. The average dimension of the hulls of abelian
codes is determined under both the Euclidean and Hermitian inner products.
The paper is organized as follows. In Section 2, some properties of good odd
integers are recalled and the characterization of all good integers is given. The
characterizations of oddly-good and evenly-good integers are given in Section 3.
In Section 4, applications of good integers in determining the average dimension
of the hulls of abelian codes are given. The summary is given in Section 5.
2 Good Integers
In this section, some basic properties of good odd integers in [16] are recalled and
the characterization of arbitrary good integers is given.
For pairwise coprime nonzero integers a, b and n > 0, let ordn(a) denote the
multiplicative order a modulo n. In this case, b−1 exists in the multiplicative
group Z×n . Let ordn(
a
b
) denote the multiplicative order ab−1 modulo n. Denote
by 2γ ||n if γ is the largest integer such that 2γ|n.
From the definition, 1 is always good and we have the following property.
Lemma 2.1. Let a and b be nonzero coprime integers and let d be a positive
integer. If d ∈ G(a,b), then gcd(a, d) = 1 = gcd(b, d).
Proof. Assume that d ∈ G(a,b). Suppose that gcd(a, d) 6= 1 or gcd(b, d) 6= 1. Since
G(a,b) = G(b,a), we may assume that p| gcd(a, d) for some prime p. Then there
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exists a positive integer k such that d|(ak+ bk) which implies that p|bk. It follows
that p| gcd(a, b), a contradiction.
Properties of good odd integers have been studied in [16]. Some results used
in this paper are summarized as follows.
Lemma 2.2 ([16, Proposition 2]). Let p be an odd prime and let r be a positive
integer. If pr is good, then ordpr(
a
b
) = 2s, where s is the smallest positive integer
such that (ab−1)s ≡ −1 (mod pr).
Lemma 2.3 ([16, Proposition 4]). Let p be an odd prime and let r be a positive
integer. Then ordpr(
a
b
) = ordp(
a
b
)pi for some i ≥ 0.
Lemma 2.4 ([16, Theorem 1]). Let d > 1 be an odd integer. Then d ∈ G(a,b) if
and only if there exists s ≥ 1 such that 2s||ordp(
a
b
) for every prime p dividing d.
It has been briefly discussed in [16] that a good even integer exists if and only
if ab is odd. For completeness, the characterization and properties of all good
(odd and even) integers are given as follows.
(The following proposition is a corrected version of [8, Proposition 2.1 ].)
Proposition 2.1. Let a and b be coprime odd integers and let β ≥ 1 be an
integer. Then the following statements are equivalents.
1) 2β ∈ G(a,b).
2) 2β|(a+ b).
3) ab−1 ≡ −1 mod 2β.
Proof. To prove 1) implies 2), assume that 2β ∈ G(a,b). If β = 1, then 2
β|(a + b)
since a + b is even. Then 2β|(ak + bk) for some integer k ≥ 1. Assume that
β > 1. Then 4|(ak+ bk). If k is even, then ak ≡ 1 mod 4 and bk ≡ 1 mod 4 which
implies that (ak + bk) ≡ 2mod 4, a contradiction. It follows that k is odd. Since
ak + bk = (a + b)
(
k−1∑
i=0
(−1)iak−1−ibi
)
and
k−1∑
i=0
(−1)iak−1−ibi is odd, we have that
2β|(a+ b).
The statement 2) ⇒ 1) follows from the definition. The equivalent statement
2) ⇔ 3) is obvious.
Proposition 2.2. Let a, b and d > 1 be pairwise coprime odd integers. Then
d ∈ G(a,b) if and only if 2d ∈ G(a,b). In this case, ord2d(
a
b
) = ordd(
a
b
) is even.
Proof. Since d is odd and ak + bk is even for all positive integers k, d|(ak + bk) if
and only if 2d|(ak + bk). The characterization follows immediately.
Assume that d ∈ G(a,b). Let k be the smallest positive integer such that
d|(ak+bk). It follows that (ab−1)k ≡ −1 mod d and ordd(
a
b
) ∤ k. Hence, ordd(
a
b
) =
2k. Since ak + bk is even and d is odd, we have 2d|(ak + bk). Hence, (ab−1)k ≡
−1 mod 2d which implies that ord2d(
a
b
)|2k. Since ordd(
a
b
) ≤ ord2d(
a
b
), we have
that ord2d(
a
b
) = ord2d(
a
b
) = 2k is even.
(The next proposition is a correction of [8, Proposition 2.3].)
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Proposition 2.3. Let a, b and d > 1 be pairwise coprime odd positive integers
and let β ≥ 2 be an integer. Then 2βd ∈ G(a,b) if and only if 2
β|(a + b) and
d ∈ G(a,b) is such that 2||ordd(
a
b
). In this case, ord2β(
a
b
) = 2 and 2||ord2βd(
a
b
).
Proof. Assume that 2βd ∈ G(a,b). Let k be the smallest positive integer such that
2βd|(ak+ bk). Then d|(ak+ bk) and 2β|(ak+ bk) which implies that d ∈ G(a,b) and
(ab−1)2k ≡ 1 mod d. Moreover, 2β|(a + b) and k must be odd by Proposition ??
and its proof. Let k′ be the smallest positive integer such that d|(ak
′
+ bk
′
). Then
ordd(
a
b
) = 2k′. Since (ab−1)2k ≡ 1 mod d, we have k′|k. Consequently, k′ is
odd and (a + b)|(ak
′
+ bk
′
). Hence, 2βd|(ak
′
+ bk
′
). By the minimality of k, we
have k = k′ and d|(ak + bk). Consequently, ordd(
a
b
) = 2k′ = 2k. Since k is odd,
d ∈ G(a,b) is such that 2||ordd(
a
b
).
Conversely, assume that 2β|(a+b) and d ∈ G(a,b) is such that 2||ordd(
a
b
). Let k
be the smallest positive integer such that d|(ak + bk). Then (ab−1)k ≡ −1 mod d
which implies that ordd(
a
b
) = 2k. Since 2||ordd(
a
b
), k must be odd. It follows that
(ab−1)k ≡ ab−1 ≡ −1 mod 2β. Since d is odd, (ab−1)k ≡ −1 mod 2βd. Hence,
2βd|(ak + bk) which means 2βd ∈ G(a,b) as desired.
In this case, we have 2β|(a + b) which implies that ord2β(
a
b
) = 2. Moreover,
ord2βd(
a
b
) = lcm
(
ord2β(
a
b
), ordd(
a
b
)
)
= 2k and k is odd. Therefore, 2||ord2βd(
a
b
).
From Propositions 2.1–2.3, the characterization of good integers can be sum-
marized based on β and the parity of ab as follows.
Theorem 2.1. Let a and b be coprime nonzero integers and let ℓ = 2βd be
a positive integer such that d is odd and β ≥ 0. Then one of the following
statements holds.
1. If ab is odd, then ℓ = 2βd ∈ G(a,b) if and only if one of the following
statements holds.
(a) β ∈ {0, 1} and d = 1.
(b) β ∈ {0, 1}, d ≥ 3 and there exists s ≥ 1 such that 2s||ordp(
a
b
) for every
prime p dividing d.
(c) β ≥ 2, d = 1 and 2β|(a+ b).
(d) β ≥ 2, d ≥ 3, 2β|(a+ b) and d ∈ G(a,b) is such that 2||ordd(
a
b
).
2. If ab is even, then ℓ = 2βd ∈ G(a,b) if and only if one of the following
statements holds.
(a) β = 0 and d = 1.
(b) β = 0, d ≥ 3, and there exists s ≥ 1 such that 2s||ordp(
a
b
) for every
prime p dividing d.
We note that the condition ord2β(
a
b
) = 2 in Theorem 2.1 is equivalent to
2β|(a+ b) by Proposition 2.1.
From Propositions 2.1–2.3 and Theorem 2.1, other necessary conditions for
a positive integer to be good can be given in the following corollary. These are
sometime useful in applications.
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Corollary 2.1. Let a and b be coprime nonzero integers and let ℓ = 2βd be a
positive integer such that d is odd and β ≥ 0. Let γ ≥ 0 be an integer such that
2γ|(a+ b). If ℓ ∈ G(a,b), then one of the following statements holds.
1. ℓ = 1 and ab is even.
2. ℓ ∈ {1, 2} and ab is odd.
3. 2||ordℓ(
a
b
) if and only if one of the following statements holds.
(a) d = 1 and 2 ≤ β ≤ γ.
(b) d ≥ 3, 2||ordp(
a
b
) for every prime p dividing d, and 0 ≤ β ≤ γ.
4. There exists an integer s ≥ 2 such that 2s||ordℓ(
a
b
) if and only if d ≥ 3,
2s||ordp(
a
b
) for every prime p dividing d, and 0 ≤ β ≤ 1.
3 Oddly-Good and Evenly-Good Integers
For given pairwise coprime nonzero integers a, b and ℓ > 0, recall that ℓ is said to
be oddly-good if ℓ divides ak + bk for some odd integer k ≥ 1, and evenly-good if ℓ
divides ak + bk for some even integer k ≥ 2. In this section, the characterizations
and properties of oddly-good and evenly-good integers are determined.
We note that 1 is always good. Since 1| (a+ b) and 1| (a2 + b2), we have that
1 is both oddly-good and evenly-good. The integer 2 is good if and only if ab is
odd. In this case, a + b is even and hence, 2|(a+ b) and 2|(a2 + b2) which imply
that 2 is both oddly-good and evenly-good. However, for an integer ℓ > 2, ℓ can
be either oddly-good or evenly-good, but not both.
Proposition 3.1. Let a, b and ℓ > 2 be pairwise coprime nonzero integers. If
ℓ ∈ G(a,b), then either ℓ ∈ OG(a,b) or ℓ ∈ EG(a,b), but not both.
Proof. We distinguish the proof into four cases.
Case 1 ℓ is odd. Assume that s and t are positive integers such that s ≥ t,
ℓ|(as+bs), and ℓ|(at+bt). It is sufficient to show that s and t have the same parity.
Let p be a prime divisor of ℓ. Then p|(as + bs) and p|(at + bt), or equivalently,
as ≡ −bsmod p and at ≡ −btmod p. These hold true if and only if (ab−1)s ≡
−1mod p and (ab−1)t ≡ −1mod p. It follows that (ab−1)s − (ab−1)t ≡ 0mod p,
and hence, (ab−1)t((ab−1)s−t − 1) ≡ 0mod p. This means (ab−1)s−t ≡ 1mod p
which implies that ordp(
a
b
) | (s − t). Since d is good, by Lemma 2.4, ordp(
a
b
) is
even which implies s− t is even. Therefore, s and t have the same parity.
Case 2 ℓ = 2β, where β ≥ 2. Then ℓ is oddly-good by the proof of Proposition 2.1.
Case 3 ℓ = 2d, where d is odd. By Proposition 2.2, d ∈ G(a,b). Moreover, d is
either oddly-good or evenly-good by Case 1. For each positive integer k, d|(ak+bk)
if and only if 2d|(ak+ bk). Therefore, 2d is oddly (resp., evenly) good if and only
if d is oddly (resp., evenly) good.
Case 4 ℓ = 2βd, where d is odd and β ≥ 2. By the proof of Proposition 2.3, ℓ is
oddly-good.
From Proposition 3.1, it follows that G(a,b) = OG(a,b) ∪EG(a,b). Moreover, we
have OG(a,b) ∩ EG(a,b) = {1} if ab is even and OG(a,b) ∩ EG(a,b) = {1, 2} if ab is
odd. Properties of OG(a,b) and EG(a,b) are determined in the next subsections.
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3.1 Oddly-Good Integers
In this subsection, we focus on the characterization and properties of oddly-good
integers.
The following lemma from [16] is useful.
Lemma 3.1 ([16, Lemma 1]). Let a1, a2, . . . , at be positive integers. Then the
system of congruences
x ≡ a1 (mod 2a1), x ≡ a2 (mod 2a2), . . . , x ≡ at (mod 2at)
has a solution x if and only if there exists s ≥ 0 such that 2s||ai for all i =
1, 2, . . . , t.
Proposition 3.2. Let a and b be coprime nonzero integers and let d > 1 be an
odd integer. Then d ∈ OG(a,b) if and only if 2||ordp(
a
b
) for every prime p dividing
d.
Proof. Let p1, p2, . . . , pt be the distinct prime divisors of d. For each 1 ≤ i ≤ t,
let ri be the positive integer such that p
ri
i ||d. To prove the necessity, assume that
d ∈ OG(a,b). There exists an odd positive integer c such that (
a
b
)c ≡ −1 (mod d)
and, hence, (a
b
)c ≡ −1 (mod prii ) for all i = 1, 2, . . . , t. By Lemma 2.2, it follows
that ordprii (
a
b
) is even and c ≡
ord
p
ri
i
(a
b
)
2
(mod ordprii (
a
b
)) for all i = 1, 2, . . . , t. Since
c is an odd integer,
ord
p
ri
i
(a
b
)
2
is odd for all i = 1, 2, . . . , t. Therefore, by Lemma 2.3,
2||ordp(
a
b
) for every prime p dividing d.
Conversely, assume that 2||ordp(
a
b
) for every prime p dividing d. Then, by
Lemma 2.3, we have 2||ordprii (
a
b
) for all i = 1, 2, . . . , t. By Lemma 3.1, there
exists an integer c such that c ≡
ord
p
ri
i
(a
b
)
2
(mod ordprii (
a
b
)) for all i = 1, 2, . . . , t.
Since
ord
p
ri
i
(a
b
)
2
is odd, c is an odd integer. Thus (a
b
)c ≡ −1 (mod prii ) for all
i = 1, 2, . . . , t, and hence, (a
b
)c ≡ −1 (mod d). Therefore, d is oddly-good as
desired.
From Proposition 3.2, we have the following characterization.
Corollary 3.1. Let a and b be coprime nonzero integers and let d > 1 be an odd
integer. Then the following statements are equivalent.
1. d ∈ OG(a,b).
2. j ∈ OG(a,b) for all divisors j of d.
3. p ∈ OG(a,b) for all prime divisors p of d.
Proof. The statements (1)⇒ (2) and (2)⇒ (3) are obvious. By Proposition 3.2,
the statement (3)⇒ (1) follows.
From the proof of Propositions 2.2, 2.3 and 3.1, we have the following char-
acterizations.
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Corollary 3.2. Let a and b be coprime nonzero integers and let d > 1 be an odd
integer.
1. The following statements are equivalent.
(a) d ∈ OG(a,b).
(b) 2d ∈ OG(a,b).
2. For each β ≥ 2, 2βd ∈ OG(a,b) if and only if 2
βd ∈ G(a,b).
The characterization of oddly-good integers can be summarized in the follow-
ing theorem.
Theorem 3.1. Let a and b be coprime nonzero integers and let ℓ = 2βd be an
integer such that d is odd and β ≥ 0. Then one of the following statements holds.
1. If ab is odd, then ℓ = 2βd ∈ OG(a,b) if and only if one of the following
statements holds.
(a) β ∈ {0, 1} and d = 1.
(b) β ∈ {0, 1}, d ≥ 3, and 2||ordp(
a
b
) for every prime p dividing d.
(c) β ≥ 2, d = 1 and 2β|(a+ b).
(d) β ≥ 2, d ≥ 3, 2β|(a+ b) and d ∈ G(a,b) is such that 2||ordd(
a
b
).
2. If ab is even, then ℓ = 2βd ∈ OG(a,b) if and only if one of the following
statements holds.
(a) β = 0 and d = 1.
(b) β = 0, d ≥ 3, and 2||ordp(
a
b
) for every prime p dividing d.
Note that the condition ord2β(
a
b
) = 2 in Theorem 3.1 is equivalent to 2β|(a+b)
by Proposition 2.1.
The following necessary conditions for a positive integer to be oddly-good can
be concluded from Proposition 3.2 and Theorem 3.1.
Corollary 3.3. Let a and b be coprime nonzero integers and let ℓ = 2βd be a
positive integer such that d is odd and β ≥ 0. Let γ ≥ 0 be an integer such that
2γ||(a+ b). If ℓ ∈ OG(a,b), then one of the following statements holds.
1. ℓ = 1 and ab is even.
2. ℓ ∈ {1, 2} and ab is odd.
3. 2||ordℓ(
a
b
) if and only if one of the following statements holds.
(a) d = 1 and 2 ≤ β ≤ γ.
(b) d ≥ 3, 2||ordp(
a
b
) for every prime p dividing d, and 0 ≤ β ≤ γ.
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3.2 Evenly-Good Integers
In this subsection, we focus on properties of evenly-good integers. From Propo-
sition 3.1, an integer greater than 2 can be either oddly-good or evenly-good.
Then, by Lemma 2.4 and Proposition 3.2, we have the following characterization
of evenly-good integers.
Proposition 3.3. Let a and b be coprime nonzero integers and let d > 1 be
an odd integer. Then d ∈ EG(a,b) is if and only if there exists s ≥ 2 such that
2s||ordp(
a
b
) for every prime p dividing d.
Corollary 3.4. Let a and b be coprime nonzero integers and let d > 1 be an odd
integer. If d ∈ EG(a,b) (resp. d ∈ G(a,b)), then j ∈ EG(a,b) (resp. j ∈ G(a,b)) for
all divisors j of d.
The above properties of evenly-good integers can be summarized as follows.
Theorem 3.2. Let a and b be coprime nonzero integers and let ℓ = 2βd be an
integer such that d is odd and β ≥ 0. Then one of the following statements holds.
1. If ab is odd, then ℓ = 2βd ∈ EG(a,b) if and only if one of the following
statements holds.
(a) β ∈ {0, 1} and d = 1.
(b) β ∈ {0, 1}, d ≥ 3, and there exists s ≥ 2 such that 2s||ordp(
a
b
) for
every prime p dividing d.
2. If ab is even, then ℓ = 2βd ∈ EG(a,b) if and only if one of the following
statements holds.
(a) β = 0 and d = 1.
(b) β = 0, d ≥ 3, and there exists s ≥ 2 such that 2s||ordp(
a
b
) for every
prime p dividing d.
The following necessary conditions for a positive integer to be evenly-good
integers can be obtained from Proposition 3.3 and Theorem 3.2.
Corollary 3.5. Let a and b be coprime nonzero integers and let ℓ = 2βd be a
positive integer such that d is odd and β ≥ 0. Let γ ≥ 0 be an integer such that
2γ||(a+ b). If ℓ ∈ EG(a,b), then one of the following statements holds.
1. ℓ = 1 and ab is even.
2. ℓ ∈ {1, 2} and ab is odd.
3. There exists an integer s ≥ 2 such that 2s||ordℓ(
a
b
) if and only if d ≥ 3,
2s||ordp(
a
b
) for every prime p dividing d, and 0 ≤ β ≤ 1.
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4 Applications
This section is devoted to applications of good integers in coding theory. As dis-
cussed in the introduction, good and oddly-good integers have wide applications
in coding theory. The important ones are the construction of good BCH codes in
[12], the enumerations of the Euclidean self-dual cyclic and abelian codes in [7]
and [9], the enumeration of Hermitian self-dual abelian codes in [10], the study of
the average dimension of the hulls of cyclic codes in [23], and the determinations
of the dimension of the hulls of cyclic and negacyclic codes in [18].
The hull of a linear code is known to be key in determining the complexity
of algorithms in finding the automorphism group of a linear code and testing
the permutation equivalence of two codes [19], [13], [14], [15], [21], and [22].
Therefore, the study of the hulls is one of the interesting problems in coding
theory. Some properties of the hulls of linear and cyclic codes have been further
studied in [20], [23] and [18].
In this section, we focus on applications of G(pν ,1) and OG(pν ,1) in determining
the average dimension of the hulls of abelian codes under both the Euclidean and
Hermitian inner products which have not been well studied. Specifically, we are
mainly focused on the hulls of abelian codes in principal ideal group algebras. As
a special case, the results on the hulls of cyclic codes in [23] can be viewed as
corollaries.
4.1 Abelian Codes in Principal Ideal Group Algebras
For a prime p and a positive integer ν, let Fpν denote the finite field of p
ν . Let G
be a finite abelian group, written additively. Denote by Fpν [G] the group algebra
of G over Fpν . The elements in Fpν [G] will be written as
∑
g∈G αgY
g, where
αg ∈ Fpν . The addition and the multiplication in Fpν [G] are given as in the
usual polynomial rings over Fpν with the indeterminate Y , where the indices are
computed additively in G. A group algebra Fpν [G] is said to be a principal ideal
group algebra (PIGA) if every ideal in Fpν [G] is generated by a single element. In
[6], it has been shown that Fpν [G] is a PIGA if and only if the Sylow p-subgroup
of G is cyclic.
An abelian code in Fpν [G] is an ideal in Fpν [G] (see [9] and [10]). The Euclidean
inner product between u =
∑
g∈G ugY
g and v =
∑
g∈G vgY
g Fpν [G] is defined to
be 〈u, v〉E :=
∑
g∈G ugvg. The Euclidean dual of an abelian code C in Fpν [G] is
defined to be C⊥E := {v ∈ Fpν [G] | 〈c, v〉E = 0 for all c ∈ C}. The Euclidean
hull of a code C is defined to be HE(C) := C ∩ C⊥E . In Fp2ν [G], the Hermitian
inner product between u =
∑
g∈G ugY
g and v =
∑
g∈G vgY
g Fp2ν [G] is defined to
be 〈u, v〉H :=
∑
g∈G ugv
pν
g . The Hermitian dual of an abelian code C in Fp2ν [G] is
defined to be C⊥H := {v ∈ Fp2ν [G] | 〈c, v〉H = 0 for all c ∈ C}. The Hermitian
hull of a code C is defined to be HH(C) := C ∩ C⊥H .
The average dimension of the Euclidean (resp. Hermitian) hulls of abelian
codes in Fpν [G] (resp., in Fp2ν [G]) is defined to be
avgEpν(G) :=
∑
C∈C(pν ,G)
dim(HE(C))
|C(pν , G)|
(resp., avgHp2ν(G) :=
∑
C∈C(p2ν ,G)
dim(HH(C))
|C(p2ν , G)|
),
9
where C(pν , G) (resp., in C(p2ν , G)) is the set of all abelian codes in Fpν [G] (resp.,
in Fp2ν [G]).
The rest of this section, we focus on abelian codes in PIGAs. It therefore
suffices to restrict the study to a group algebra Fpν [A× Zpk ], where A is a finite
abelian group such that p 6 ||A| and k ≥ 0 is an integer.
For positive integers i and j with gcd(i, j) = 1, let ordj(i) denote the mul-
tiplicative order of i modulo j. For each a ∈ A, denote by ord(a) the additive
order of a in A. For a positive integer q with gcd(|A|, q) = 1, a q-cyclotomic class
of A containing a ∈ A is defined to be the set
Sq(a) :={q
i · a | i = 0, 1, . . . } = {qi · a | 0 ≤ i < ordord(a)(q)},
where qi · a :=
qi∑
j=1
a in A.
First, we consider the decomposition of R := Fpν [A]. In this case, R is semi-
simple (see [2]) which can be decomposed using the Discrete Fourier Transform
in [17] (see [10] and [9] for more details). For completeness, the decomposition
used in this paper is summarized as follows.
An idempotent in R is a nonzero element e such that e2 = e. It is called
primitive if for every other idempotent f , either ef = e or ef = 0. The prim-
itive idempotents in R are induced by the pν-cyclotomic classes of A (see [5,
Proposition II.4]). Let {a1, a2, . . . , at} be a complete set of representatives of pν-
cyclotomic classes of A and let ei be the primitive idempotent induced by Spν(ai)
for all 1 ≤ i ≤ t. From [17], R can be decomposed as
R =
t⊕
i=1
Rei. (4.1)
It is well known (see [9] and [10]) that Rei ∼= Fpνsi , where si = |Spν(ai)| provided
that ei is induced by Spν(ai), and hence,
Fpν [A× Zpk ] ∼=
t⊕
i=1
(Rei)[Zpk ] ∼=
t∏
i=1
Fpνsi [Zpk ] ∼=
t∏
i=1
Fpνsi [x]/〈x
pk − 1〉. (4.2)
Therefore, every abelian code C in Fpν [A× Zpk ] can be viewed as
C ∼=
t∏
i=1
Ci,
where Ci is a cyclic code of length p
k over Fpνsi for all i = 1, 2, . . . , t.
Remark 4.1. It is well known that every cyclic code D of length pk over Fpν is
uniquely generated as ideal in Fpν [x]/〈x
pk − 1〉 by (x − 1)j for some 0 ≤ j ≤ pk.
Note that such a code has Fpν -dimension p
k − j. The Euclidean and Hermitian
duals of D are of the same form D⊥E = D⊥H generated by (x− 1)p
k−j .
In order to study properties of the hulls abelian codes in PIGAs under the
Euclidean and Hermitian inner products, two rearrangements of the ideals Rei
in the decomposition (4.2) will be discussed in the following subsections.
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4.2 The Average Dimension of the Euclidean Hull of Abelian
Codes in PIGAs
In this section, we focus on an application of good integers in determining of the
average dimension of the Euclidean hulls of abelian codes in Fpν [A×Zpk ], where
ν > 0 and k ≥ 0 are integers and p ∤ |A|.
A pν-cyclotomic class Spν(a) is said to be of type I if Spν(a) = Spν(−a), or
type II if Spν(−a) 6= Spν(a).
Without loss of generality, the representatives a1, a2, . . . , at of p
ν-cyclotomic
classes of A can be chosen such that {aj |j = 1, 2, . . . , rI} and {arI+l, arI+rII+l =
−arI+l | l = 1, 2, . . . , rII} are sets of representatives of p
ν-cyclotomic classes of A
of types I and II, respectively, where t = rI+2rII. As assumed above, si = |Spν(ai)|
for all 1 ≤ i ≤ t. Clearly, srI+l = srI+rII+l for all 1 ≤ l ≤ rII.
Rearranging the terms in the decomposition of R (see (4.1)) based on these
2 types of cyclotomic classes in [9], we have
Fpν [A× Zpk ] ∼=
(
rI∏
j=1
Kj [Zpk ]
)
×
(
rII∏
l=1
(Ll[Zpk ]× Ll[Zpk ])
)
, (4.3)
where Kj ∼= Fpνsj for all j = 1, 2, . . . , rI and Ll ∼= FpνsrI+l for all l = 1, 2, . . . , rII.
From (4.3), it follows that an abelian code C in Fpν [A × Zpk ] can be viewed
as
C ∼=
(
rI∏
j=1
Cj
)
×
(
rII∏
l=1
(Dl ×D
′
l)
)
, (4.4)
where Cj , Ds and D
′
s are cyclic codes in Kj [Zpk ], Ll[Zpk ] and Ll[Zpk ], respectively,
for all j = 1, 2, . . . , rI and l = 1, 2, . . . , rII.
From [9, Section II.D] and Remark 4.1, the Euclidean dual of C in (4.4) is
C⊥E ∼=
(
rI∏
j=1
C⊥Ej
)
×
(
rII∏
l=1
(
(D′l)
⊥E ×D⊥El
))
. (4.5)
Lemma 4.1. There is a one-to-one correspondence between C(pν , A × Zpk) and
the set {(ǫ1, ǫ2, . . . , ǫt) | 0 ≤ ǫi ≤ pk for all 1 ≤ i ≤ t}, where t = rI + 2rII.
Proof. From (4.4) and the discussion above, it is not difficult to see that the map
C 7→ ( dimFpνs1 (C1), . . . , dimFpνsrI (CrI),
dimF
p
νsrI+1
(D1), . . . , dimF
p
νsrI+rII
(DrII), dimF
p
νsrI+1
(D′1), . . . , dimF
p
νsrI+rII
(D′rII))
is a one-to-one correspondence from C(pν , A × Zpk) to {(ǫ1, ǫ2, . . . , ǫt) | 0 ≤ ǫi ≤
pk for all 1 ≤ i ≤ t}.
Form the above discussion, Remark 4.1 and Lemma 4.1, the next lemma
follows.
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Lemma 4.2. Let C be an abelian code in Fpν [A × Zpk ] decomposed as in (4.4).
Then the following statements hold.
1. The Euclidean hull of C is
HE(C) ∼=
(
rI∏
j=1
(Cj ∩ C
⊥E
j )
)
×
(
rII∏
l=1
(
(Dl ∩ (D
′
l)
⊥E)× (D′l ∩D
⊥E
l )
))
.
2. If C corresponds to (ǫ1, ǫ2, . . . , ǫt) with t = rI + 2rII as in Lemma 4.1, then
dim(HE(C)) =
rI∑
j=1
sj min(ǫj , p
k − ǫj) +
rII∑
l=1
srI+lmin(ǫrI+l, p
k − ǫrI+rII+l)
+
rII∑
l=1
srI+lmin(ǫrI+rII+l, p
k − ǫrI+l).
Let Qpν(A) = {a ∈ A | −a ∈ Spν(a)}. It is not difficult to see that Qpν(A) is
the union of all pν-cyclotomic classes of A of types I and |Qpν(A)| =
rI∑
j=1
sj, where
sj = |Spν(aj)| for all 1 ≤ j ≤ rI.
The average dimension of the Euclidean hulls of abelian codes in Fpν [A×Zpk ]
is determined using the technique in [23] as follows.
Theorem 4.1. Let p be a prime and let ν be a positive integer. Let A be a finite
abelian group of order m such that p ∤ m. Then
avgEpν(A× Zpk) = mp
k
(
1
3
−
1
6(pk + 1)
)
− |Qpν(A)|
(
pk + 1
12
+
2− 3δp
12(pk + 1)
)
,
where δp =
{
1 if p = 2,
0 if p is odd.
Proof. Let X be the random variable of the dimension dim(HE(C)), where C is
chosen randomly from C(pν , A× Zpk) with uniform probability. Then avg
E
pν (A×
Zpk) is the expectation E(X) of X . Using Lemma 4.2 and the arguments similar
to those in the proof of [23, Proposition 22], E(X) can be determined. Hence,
the formula for avgEpν (A× Zpk) follows.
We note that if A is the cyclic group of order m, then the average dimension
of the hulls of cyclic codes of length mpk can be obtained as a special case of
Theorem 4.1.
Since 0 ∈ Qpν (A), we have |Qpν (A)| ≥ 1. Hence, by Theorem 4.1, the next
corollary follows.
Corollary 4.1. Let p be a prime and let ν be a positive integer. Let A be a finite
abelian group of order m such that p ∤ m. Then the following statements hold.
1. avgEpν(A× Zpk) <
mpk
3
.
12
2. avgEpν(A) =
m−|Qpν (A)|
4
3. avgEpν(A) ≤
m−1
4
.
Let χ be a function defined by
χ(d, pν) =
{
1 if d ∈ G(pν ,1),
0 otherwise.
The function χ and good integers play an important role in determining avgEpν(A×
Zpk) in the following results.
Lemma 4.3 ([9, Lemma 4.5] ). Let p be a prime and let ν be a positive integer.
Let A be a finite abelian group such that p ∤ |A| and let a ∈ A. Then Spν(a) is of
type I if and only if ord(a) ∈ G(pν ,1).
Lemma 4.4. Let p be a prime and let ν be a positive integer. Let A be a finite
abelian group of order m and exponent M with p ∤M . Then
|Qpν(A)| =
∑
d|M
χ(d, pν)NA(d),
where NA(d) is the number of elements of order d in A determined in [1].
In particular, |Qpν(A)| = m if and only if m ∈ G(pν ,1).
Proof. The statements follow immediately from Lemma 4.3.
For each integer α ≥ 0, let Ppν ,α denote the set of odd primes t such that
2α||ordt(pν). For a subset T of N, denote by 〈〈T 〉〉 the multiplicative semigroup
generated by T .
For each positive integer m, let β ≥ 0 be the integer such that 2β||m. Then
m = 2βm′ for some odd positive integer m′. Since {〈〈Ppν ,α〉〉 : α ∈ N∪{0}} forms
a partition of the set of odd positive integers, m = 2βm′ can be represented as
m = 2βm0m1m2m3 . . . ,
where mα ∈ 〈〈Ppν ,α〉〉 for all α ∈ N ∪ {0} and mα = 1 for all but finitely many
elements α.
Proposition 4.1. Let p be a prime and let ν be a positive integer. Let A
be a finite abelian group of order m = 2βm0m1m2m3 . . . and exponent M =
2BM0M1M2M3 . . . , where mα and Mα are in 〈〈Ppν ,α〉〉 for all α ≥ 0. Let γ ≥ 0
be an integer such that 2γ ||(pν + 1). Then
|Qpν (A)| = m1
γ∑
i=0
NA(2
i) + (1 +NA(2))
min{1,β}
∑
α≥2
(mα − 1) . (4.6)
(Note that NA(2i) will be regarded as 0 if i > B.)
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Proof. Observe that M ′|m′ and Mα|mα for all α ≥ 0 and β ≥ B.
Case 1 B 6= 0. Then β 6= 0. By Lemma 4.4 and Corollary 2.1, we have
|Qpν(A)| =
∑
d|M
χ(d, pν)NA(d)
=
∑
d|M,d∈G(pν ,1)
NA(d)
= NA(1) +NA(2) +
∑
d|2min{B,γ}M1,d/∈{1,2}
NA(d)
+
∑
α≥2
∑
d|2Mα,d/∈{1,2}
NA(d)
= 1 +NA(2) +
(
min{2β,
γ∑
i=0
NA(2
i)}m1 − 1−NA(2)
)
+
∑
α≥2
((1 +NA(2))mα − 1−NA(2))
= m1
γ∑
i=0
NA(2
i) +
∑
α≥2
((1 +NA(2))mα − 1−NA(2))
= m1
γ∑
i=0
NA(2
i) + (1 +NA(2))
∑
α≥2
(mα − 1),
Case 2 B = 0. Then β = 0. By Lemma 4.4, we have
|Qpν(A)| =
∑
d|M
χ(d, pν)NA(d)
=
∑
d|M,d∈G(pν ,1)
NA(d)
= NA(1) +
∑
α≥1
∑
d|Mα, d>1
NA(d)
= NA(1) +
∑
α≥1
(mα − 1)
= m1 +
∑
α≥2
(mα − 1).
Combining the two cases, we conclude the proposition.
Remark 4.2. From Proposition 4.1, we have the following observations.
1. If A = Z2β ×H is a group of order m, then
γ∑
i=0
NA(2
i) =
{
2β if β ≤ γ
2γ if γ ≤ β
= 2min{γ,β}
which coincides with [23, Proposition 24].
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2. If A = (Z2)
β ×H is a group of order m, then
γ∑
i=0
NA(2
i) =
{
2β if γ ≥ 1
1 if γ = 0
= 2min{β,γβ}.
For a prime q, let A1 and A2 be a finite abelian q-groups of the same order
qr with primary decompositions A1 =
s∏
i=1
Zqai and A2 =
t∏
i=1
Zqbi . The group
A1 is said to be finer than A2, denoted by A1  A2 , if there exist a sequence
s0 = 0 < s1 < s2 < · · · < st = t and a permutation ρ on {1, 2, . . . , s} such
that
(
si∑
j=si−1+1
ρ(aj)
)
= bi for all i = 1, 2, . . . , t. Note that Z
r
q  A  Zqr for all
q-groups A of size qr.
Using this concept, we have a sufficient condition to compare the values
|Qpν(A)| for some finite abelian groups A of the same size in terms of their
Sylow 2-subgroups.
Lemma 4.5. Let p be a prime and let ν be a positive integer. Let A and B be
finite abelian groups of the same order m with p ∤ m. If the Sylow 2-subgroup of
A is finer than the Sylow 2-subgroup of B, then
|Qpν(A)| ≥ |Qpν(B)|.
In particular, if the 2-subgroup of A and the 2-subgroup of B are isomorphic, then
|Qpν(A)| = |Qpν(B)|.
Proof. From Proposition 4.1, it suffices to show that
γ∑
i=0
NA(2
i) ≥
γ∑
i=0
NB(2
i) (4.7)
and
(1 +NA(2))
min{1,β} ≥ (1 +NB(2))
min{1,β}. (4.8)
Let BA be the exponent of the Sylow 2-subgroup of A. Then BA is less than
or equal to the exponent of the Sylow 2-subgroup of B. Hence, NA(2i) ≥ NB(2i)
for all i = 0, 1, . . . ,BA. If γ ≤ BA, we are done. Assume that BA < γ. Then
γ∑
i=0
NA(2
i) =
BA∑
i=0
NA(2
i) ≥
γ∑
i=0
NB(2
i).
Therefore, the results follow.
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Corollary 4.2. Let p be a prime and let ν be a positive integer. Let A be a
finite abelian group of order m = 2βm0m1m2m3 . . . , where mα ∈ 〈〈Ppν ,α〉〉 for all
α ≥ 0. Let γ ≥ 0 be an integer such that 2γ||(pν + 1). Then we have
2min{β,γ}m1 + 2
min{1,β}
∑
α≥2
(mα − 1) ≤ |Qpν(A)|
≤ 2min{β,γβ}m1 + 2
min{1,β}
∑
α≥2
(mα − 1) .
Proof. First, we note that (Z2)
β  B  Z2β for every abelian 2-group B of size
2β. The result is therefore follows from Remark 4.2 and Corollary 4.5.
From Theorem 4.1, Proposition 4.1, and Corollary 4.2, we have the following
remark.
Remark 4.3. Let p be a prime and let ν be a positive integer. Let A be a finite
abelian group of orderm such that p ∤ m. Then we have the following observations
1. The value avgEpν(A × Zpk) can be determined by substituting the value of
|Qpν(A)| from Proposition 4.1 in to Theorem 4.1.
2. Some lower and upper bounds of avgEpν(A× Zpk) can be computed by sub-
stituting the bounds of |Qpν (A)| from Corollary 4.2 in to Theorem 4.1.
3. If the Sylow 2-subgroup of A is trivial (or equivalently, m is odd), then
avgEpν(A×Zpk) is independent of A. Precisely, avg
E
pν (A×Zpk) depends only
on the cardinality m of A.
Using Theorem 4.1, Corollary 4.2, and the arguments similar to those in the
proof of [23, Theorem 25], we conclude the following bounds.
Corollary 4.3. Let p be a prime and let ν be a positive integer. Let A be a finite
abelian group of order m such that p ∤ m. Then one of the following statements
holds.
1. avgEpν(A× Zpk) = 0 if and only if k = 0 and m ∈ G(pν ,1).
2. If k > 0 or m /∈ G(pν ,1), then
mpk
12
≤ avgEpν(A× Zpk) <
mpk
3
.
The above results imply that avgEpν(A × Zpk) is zero or grows as the same
rate with mpk. Note that if A is a cyclic group, these results coincide with [23,
Theorem 25].
4.3 The Average Dimension of the Hermitian Hull of Abelian
Codes in PIGAs
As the Hermitian inner product is defined over a finite field of square order. Here
we focus on abelian codes in Fp2ν [A × Z2k ], where k ≥ 0 and ν ≥ 1 are integers
and p is a prime. We note that the results in this subsection can be obtained
using the arguments analogous to those in Subsection 4.2. The different is the
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decomposition of the group algebra R := Fp2ν [A]. Therefore, some of the proof
will be omitted. For convenience, the theorem numbers are given in the form
4.N ′ if it corresponds to 4.N in Subsection 4.2.
For each a ∈ A, the p2ν-cyclotomic class Sp2ν(a) is said to be of type I
′ if
Sp2ν (a) = Spν(−p
νa) or type II′ if Sp2ν (a) 6= Sp2ν (−p
νa).
Without loss of generality, assume that b1, b2, . . . , bt are representatives of
the p2ν-cyclotomic classes such that {bj |j = 1, 2, . . . , rI′} and {brI′+l, brI′+rII′+l =
−pνbrI′+l | j = 1, 2, . . . , rII′} are sets of representatives of p
2ν-cyclotomic classes
of A of types I′ and II′, respectively, where t = rI′ + 2rII′ . Further, assume that
|Sp2ν(bi)| = ti for all 1 ≤ i ≤ t. Clearly, trI′+l = trI′+rII′+l for all 1 ≤ l ≤ rII′ .
Rearranging the terms in the decomposition of R in (4.1) based on the above
2 types of p2ν-cyclotomic classes (see [10]), we have
Fp2ν [A× Zpk ] ∼=
(
rI′∏
j=1
Kj[Zpk ]
)
×
(
rII′∏
l=1
(Ll[Zpk ]× Ll[Zpk ])
)
, (4.9)
where Kj ∼= Fpν2tj for all j = 1, 2, . . . , rI′ and Ll
∼= F
p
ν2tr
I′
+l for all l = 1, 2, . . . , rII′ .
From (4.9), an abelian code C in Fp2ν [A× Zpk ] can be viewed as
C ∼=
(
rI′∏
j=1
Cj
)
×
(
rII′∏
l=1
(Dl ×D
′
l)
)
, (4.10)
where Cj , Dl and D′l are cyclic codes in Kj [Zpk ], Ll[Zpk ] and Ll[Zpk ], respectively,
for all j = 1, 2, . . . , rI′ and l = 1, 2, . . . , rII′.
In [10, Section II.D] and Remark 4.1, the Hermitian dual of C in (4.10) is
C⊥H ∼=
(
rI′∏
j=1
C⊥Ej
)
×
(
rII′∏
l=1
(
(D′l)
⊥E ×D⊥El
))
. (4.11)
Lemma 4.1′. There is a one-to-one correspondence between C(p2ν , A×Zpk) and
{(ǫ1, ǫ2, . . . , ǫt) | 0 ≤ ǫi ≤ pk for all 1 ≤ i ≤ t}, where t = rI′ + 2rII′.
The following corollary can be obtained using Remark 4.1, Lemma 4.1′ and
the above discussion.
Lemma 4.2′. Let C be an abelian code in Fp2ν [A × Zpk ] decomposed as (4.10).
Then the following statements hold.
1. The Hermitian hull of C
HH(C) ∼=
(
rI′∏
j=1
(Cj ∩ C
⊥E
j )
)
×
(
rII′∏
s=1
(
(Ds ∩ (D
′
s)
⊥E)× (D′s ∩ D
⊥E
s )
))
.
(4.12)
2. If C corresponds to (ǫ1, ǫ2, . . . , ǫt) with t = rI′ +2rII′ as in Lemma 4.1
′, then
dim(HH(C)) =
rI′∑
j=1
tj min(ǫj , p
k − ǫj) +
rII′∑
l=1
trI′+lmin(ǫrI′+l, p
k − ǫrI′+rII′+l)
+
rII′∑
l=1
trI′+lmin(ǫrI′+rII′+l, p
k − ǫrI′+l).
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Let Rp2ν (A) = {a ∈ A | −p
ν ·a ∈ Sp2ν (a)}. It is not difficult to see that Rp2ν (A)
is the union of all p2ν-cyclotomic classes of A of type I′ and |Rp2ν(A)| =
rI′∑
j=1
tj ,
where tj = Sp2ν(bj) for all 1 ≤ j ≤ rI′.
Theorem 4.1′. Let p be a prime and let ν be a positive integer. Let A be a finite
abelian group of order m such that p ∤ m. Then
avgHp2ν (A× Zpk) = mp
k
(
1
3
−
1
6(pk + 1)
)
− |Rp2ν(A)|
(
pk + 1
12
+
2− 3δp
12(pk + 1)
)
,
where δp =
{
1 if p = 2,
0 if p is odd.
Corollary 4.1′. Let p be a prime and let ν be a positive integer. Let A be a finite
abelian group of order m such that p ∤ m. Then the following statements hold.
1. avgHp2ν(A× Zpk) <
mpk
3
.
2. avgHp2ν(A) =
m−|Rp2ν (A)|
4
.
3. avgHp2ν(A) ≤
m−1
4
.
Let λ be the function defined by
λ(d, q) =
{
1 if d ∈ OG(q,1),
0 otherwise.
Then the function λ and oddly-good integers play a role in determining avgHp2ν (A×
Zpk) in the following results.
Lemma 4.3′ ([10, Lemma 3.5] ). Let p be a prime and let ν be a positive integer.
Let A be a finite abelian group with p ∤ |A| and let a ∈ A. Then Sp2ν (a) is of type
I′ if and only if ord(a) ∈ OG(pν ,1).
From Lemma 4.3′, we have the following result.
Lemma 4.4′. Let p be a prime and let ν be a positive integer. Let A be a finite
abelian group of order m and exponent M with p ∤ m. Then
|Rp2ν(A)| =
∑
d|M
λ(d, pν)NA(d),
where NA(d) is the number of elements of order d in A determined in [1].
Proposition 4.1′. Let p be a prime and let ν be a positive integer. Let A be a
finite abelian group of order m = 2βm0m1m2m3 . . . , where mα ∈ 〈〈Ppν ,α〉〉 for all
α ≥ 0. Let γ ≥ 0 be an integer such that 2γ||(pν + 1). Then
|Rp2ν(A)| = m1
γ∑
i=0
NA(2
i).
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Proof. LetM = 2BM0M1M2M3 . . . be the exponent of A, whereMα is in 〈〈Ppν ,α〉〉
for all α ≥ 0. Observe thatM ′|m′ andMα|mα for all α ≥ 0 and β ≥ B. It follows
that
|Rp2ν(A)| =
∑
d|M
λ(d, q)NA(d)
=
∑
d|M,d∈OG(q,1)
NA(d)
=
∑
d|2min{B,γ}M1
NA(d)
= m1
γ∑
i=0
NA(2
i).
as desired.
Lemma 4.5′. Let p be a prime and let ν be a positive integer. Let A and A be
an abelian groups of the same order m and p ∤ m. If the Sylow 2-subgroup of A
is finer than the Sylow 2-subgroup of B, then
|Rp2ν(A)| ≥ |Rp2ν(B)|.
From Lemma 4.5′ and Remark 4.2, we have the following bounds for |Rp2ν(A)|.
Corollary 4.2′. Let p be a prime and let ν be a positive integer. Let A be a finite
abelian group of order m = 2βm0m1m2m3 . . . , where mα is in 〈〈Ppν ,α〉〉 for all
α ≥ 0. Let γ ≥ 0 be an integer such that 2γ||(pν + 1). Then we have
2min{β,γ}m1 ≤ |Rp2ν (A)| ≤ 2
min{β,γβ}m1.
Remark 4.3′. Let p be a prime and let ν be a positive integer. Let A be a
finite abelian group of order m such that p ∤ m. Then we have the following
observations
1. The value avgEpν(A × Zpk) can be determined by substituting the value of
|Qpν(A)| from Proposition 4.1′ in to Theorem 4.1′.
2. Some lower and upper bounds of avgHp2ν (A × Zpk) can be computed by
substituting the bounds of |Rp2ν(A)| from Corollary 4.2′ in to Theorem
4.1′.
3. If the Sylow 2-subgroup of A is trivial (or equivalently, m is odd), then
avgHp2ν(A × Zpk) is independent of A. Precisely, avg
H
p2ν(A × Zpk) depends
only on the cardinality m of A.
Using Theorem 4.1′, Corollary 4.2′, and the arguments similar to those in the
proof of [23, Theorem 25], we deduce the following bounds.
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Corollary 4.3′. Let p be a prime and let ν be a positive integer. Let A be a finite
abelian group of order m such that p ∤ m. Then one of the following statements
hold.
1. avgHp2ν(A× Zpk) = 0 if and only if k = 0 and m ∈ OG(q,1).
2. If k > 0 or m /∈ OG(pν ,1), then
mpk
8
≤ avgHp2ν (A× Zpk) <
mpk
3
.
The above results imply that avgHp2ν(A × Zpk) is zero or grows as the same
rate with mpk. Note that if A is a cyclic group, these results coincide with [11,
Theorem 4.9].
5 Conclusion
A class of good integers introduced in 1997 has been reconsidered. A complete
characterization of arbitrary good integers have been given. Two subclasses of
good integers have been introduced, namely, oddly-good and evenly-good inte-
gers. Characterization and properties of good integers in these two subclasses
have been determined as well.
As applications, good integers have been linked with structures and problems
in coding theory (see, for example, [7], [9], and [12]). Here, the hulls of abelian
codes have been studied using good and oddly-good integers. The average dimen-
sion of the hulls of abelian codes has been determined under both the Euclidean
and Hermitian inner products. The results for cyclic codes in [23] can be viewed
as corollaries.
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